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A step-by-step
theoryispresented
numericalprocedurebasedona conformal+aapping
forthedesignofa cascadeofairfoilswitha
prescribeddimensionless-velocitydistributioninincompressible
potentialf ow.Thenumericalprocedureincludesa setoftablesto
serveaaa guideincomputation.A numericalexampleisalso
presentedinordertoillustratespecificsolutionstosomeofthe
mom difficultproblemsarisinginthedesignofa cascadebythis
methml.
Theconjugateharmoticfunctionwasevaluated%yuseofthe
methcdoutlinedbyNaiman.Twosepratecalculationsweremade:one
used360equallys~cedvaluesofthecirclean@e 13,andthe
other”used90equallyspacedvaluesof 6’.The90-pointmethcdid
notinsuresufficientaccuracyfortheexampleused.Theaccuracy,
however,dependsonthedesignconditionsprescribedand,consequently,
itcannotbeinferred.thatthe90-point~ hd willgiveinaccurate
resultsinaU cases.,
.
INTRODUCTION
Severalexactsolutionstotheproblemofobtaininganairfoil
oascadeinincompressiblepotentialf owwitha prescribedvelocity
distributiononanairfoilinthecascadehavebeenobtained.bythe
methodofconformaltransformation(references1 to3). Thenumerical
computationsi volvedinconfomal-mappingmethodsare,however,
usuallyquitelongandmmplicatecl.A detailednumericalprooed~e
thatisintendedtomaketheactualapplicationofa nonformal-
mappingmethcdtocascadedesignmoreefficientinregardtotime
andpersonnelwastherefored velopedattheNACALewislaboratory
andisTresentedherein.
Theprocedureemployedrequiresthespecificationofthe
dimensionless-velooitydistributiononanairfoil-inthecascade
/
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andthevaluesOfthe upstremanda~ velooit~vectorsof
theflowthroughtheoasoade.ThevdOOitydistributions~oified
foranairfoilmaynot%etheoretloallyattainable;thatis,the
airfoilproffiesoaloulatedbyuseofthisvelocityaistfimi~
wwalanot haveclomacontours.Itispossible,Imwever,to
mcdifythevelooitydistributionnsuoha mannerthatolosedpro-
fileswillresult.
A numerioalexampleisinoludedwiththepooedureinorder
tOillustrates-pecifiosolutionsto someof the moreaiffitit ,
problemsarisinginthedesignofa oasoadebythismethod.A
briefsummaryofthetheoryunderlyingthenumerioalprcmedureis
presentedtoacqzaintthereaderwiththefbndaniental.prinoi@.es
@owl inthesolutionofthewoblem.Moredetaileddisouasions
ofthetheoryarepresentedinreferences1 to3l
SXMBOIS
ThefollowtngsynibolsareusedinthisreTort:
c
a
f(e)
h(z)
k
Ii
p(x,y)
~l(e)
Q(z)
‘q(%Y)
Re
s
Cmnstant
. .
dimensionlessspacingofairfoilsinoasoade(ratiof
aotualspacingtoprescribedsuction-surfacearolength)
funotion addedto
analytiofunction
constantlooatirQ
T(f3)tosatisfyconditionson h(z)
of z
uomplexsouroesinz-plane
constantdeterminingam@itudeofsinecurve
harmonicfunction
p(e)+ f(e) corrmta hammiofm.otion
f&tim Of z *fi~a byequation(n)
conjugatehamloniofunotionof p(x,y)
‘real~ ofn
dimensionlessairfoilarclength(mtioof’actualarcle@h
tosuction-surfaoear length)
r
,.
—— — —.
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s’ correcteddimensionlessairfoilarcle@h (ratiof
correctedarclengthtoprescribedsuction-sm%ace
arclength)
q1,q2 valueofS correspondingtotrailingedgeofairfoil
> J whenapproachedfrompressureandsuetionsurfaces,
u(s)
u’
v
v
v’
vc($)
W=qtw
Z=x+iy,
a
p(e)
r
7
A
Ak
c-
M+iq,
e
ei
ref3pectively
airfoilvelocityfunction(equation(4)
correctedvalueof u
magnitudeofdimensionlessvelocityvector(ratiof
aotualvelmity-tomeximumairfoilvelocity)
magnitudeofprescribeddimensionlessairfoilvelocity
(ratiofactualvelocitytomaximuma&foilvelooity
correctedvalueof v
velocityonunitcircle
complexpotexrtialfunction
cmmplexvariabletinotingcircle@ane
oonstantdetemnining@aseangleofsinecurve
function~f O definedbyequation(25)
circulation(positivecountercloc@ise)
constantdetenning
velooity-potential
velooity-potential
wavelengthofsinecurve
-e onairfoil
_ ~ tit Circle
muaea trailing-edgeangleofairfoil
oomplexvariabledenotingoascadeplane(equations(23)
a (24))
circleangle(z-plane)
partiotiarvalueof e
. -. ... . . . ..— —— ——— . ..— —.. ———— .— -
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P velocityyotential
A angleofvelooityveotor(positiveclookwise)
Ak auxiliaryconstantdefinedbyequation(28)
w streamfunction
Stibscriptst
a ‘oasoadeplane
a oiroleplane
tl indioatesparticularvaluesof N, 7, and a
m meanfluwConditions
It leadingedge(nose)
T trailingedge(tail)
1 u@ream
2 downstream
3
4
5
1
Variuusconstants
6
7
Afunotionof (Z= x + iy) orof (x,y)expressed
of 19impliesthatthefunctionisevaluated.for z
REVD3?OFBASICTHEORY
asa funotion
= eie.
Thesolutiontotheproblemofdesigntngaoascadebythe
methodtobeoutlinedislxmedonconformal-mippingtedmiques
. similartothose mployedinreferences1 to3. Thedesiredcasoade
ofairfoilsisdetemninedbyfozmingananalyticfunotionofa
complexvariable,whioheffcotsa mappingoftheinoqyessible
potentialf owabouta unitoiroleintotheincompressibleyotential
flowaboutheoasoade.Themappingfunotionissuohthattheunit *
oiroleistherebytransformedintothea~oil.softheoasoatie.
————- —.— — –— —-—
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Thenumerioalsolutioninvolvestwoproblems:(1)the
determinationoftheyotentialf owabouthetit circle;and
(2)thedetezminatiunofthemapyipgfunctionandtheairfoil
coordinates.Beforetheseproblemsoanbesolved,however,the
followingdesigninformationmustbespeoified:
1.Themgnitudeofthedimensionlessvelooityv alongan
airfoilintheoasoade,asa funotionofthedimensionless
airfoilam lengthS
ThedimensionlessarclengthS willbe-considerednegativefrom
~ ~ tozero,andpositiveframzeroto %,2, where~ ~ and
~~2 ~presenttitralling+dgestagnationpointonanakoil
whenapproachedfromthepressureandsuctionsnrfaoes,respectively.
Theleading- stagnationpointscorrespondto S = O (fig.1).
2.Theupstreamanddownstreamdimensionlessvdlooityvectors
oftheflowthroughthecasoade I
“i(Al
- ‘i) ~ ~2e-i(~z- ‘i),TheseveotorswillbedesignatedV1e
respectively,whereVI ana.72 are the magnitudesofthesevel-
ocitiesand ~ and > arethedirectio~(posttiveclockwise)a!?
thevelocitiesa measuredfroma lineperpmiioulartotheoascade
axis(fig.2). ThefourquantitiesVl, V2, Al, ad X2 cannot
bespecifiedindependently,however,astheymustsatisfythe
‘continuityequation
V1Cos~ =V2COSA2
DeterminationofComplexPotentialF’unotioninCiroleH_ane
Inthis&@ussionofthesolutionofeaohofthePviously
mentionedproblems,thecomplexplanecontainingtheoasoadeis-
designatedthe t= (~+ iq) @me oroascadeplane;whereasthe
complex@me containingtheunitoiroleisdesignatethe
z=x+iy planeoroirole@eme.
ThecomplexpotentialfunctionW.(z)fortheflowinthe.
oiroleplaneChetooomplexsources100at-eaat ~ . *e*k ,(ref-
erenoe4,notationmaiifiea)isgivenas
— -—-.. .—. .---- .—— _. —.— ...__ ._
——c —-. ——.—- ~— . . .
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——-
-&loge()~2-,-2k~2-e2k
Itisevidentthatequation(1)fl
whenthecti~ts k, Tm,Am,a, and r = known.Theocn-
Stantsvm,&,a, and r canbedetezmipedUreotlyfromtheP-
+ C3 (1)
bespecificallydetermined
scribedvelooitydistributionf rtheairfoilsintheoascadeand
theu@ream anddownstreamvelocitiesoftheflm throughthe
casoade.Specifically,
Am= tan ( )-itanh~+tan>2
where
x
-p%+
VICosAl
v’ . 00sAm
%,2
r=
‘J
u(s) as
%,1
where
u(s) = v(s) for O <Sz %,2
(2)
(3)-
(4)
——— —
.— ---—.—– -——-———-——
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(v(S)is theprescribedvelocityaaa ~ction of S
d= r (5)(VlsinA1 -V2 sin>)
Theconstantk isdeterminedbytheconditionthattherange
ofthevelooitypotential(thedifferenceb tweenthemaximumand
minimudvaluesofthevelocitypotential)onanairfoilmustequal
therangeofthevelooityTotentielontheunitcirole.
ThevelooityTotentialonanairfoil~a(S)canbedetermined
fromtheequation
s.
!Va(s)=
J
u(s) as (6)
‘T,l
Thevelocity-potentialrangeA onanairfoilisthen
A =Ta(~,2)“Qa(o) (7)
Thevelooitypotentialontheunitcirclez . eio isgiven
by
[1Qc(e)=Re W(eio) (8)
wheretheconstantC3 inequation(1)hasbeensochosenthat
Tc(e)iszeroforthevalueof e correspondingtothetrailing-
ed.gestagnationpointonthecirole.Thenthevelocity-potenti~
range ontheCirCleAk fOra givenvslueof k is
Ak=qlc(eT+21r)-cpc
where8T a % arethevaluesof e
(e~)
corresponding
(9)
tothe ‘
trailing-andleading+dgestagnationpointsonthecirolej
respectively.
Itispossibletofindk (andalso eT and eN) bya process
oftrailanderrorsothatA = Ak. (SeesectionNUMIIRICALpROC-.) -
—
—- ——-—. -—-.— .— . —.—- - — .—-- .———
.—_- ----- . .
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DetermluatlonofMappingm~on endAirfoil.Coordinates
l?hegeneralfom “ofa nappingfunoticmthat effedm ths @e8im3itransformation
betweenthe c-planead the z-planeis givenby
where ,
E f3powbd ti0hdf3atrailhg-dge angle
Ouspsatails, e . a for ~a tails) of airfoilsIn oaeoade(foremqlej C = O for.
a
Jik . e-2k)
Q(z)= ‘2 ((e2k- ,2)(Z2. e-2k) (11)
and
h(z) m p(X)Y) + ~q(X}Y)
is a mnplex futiionj analWo end sin@e-vdu* for Izl> 1, ad is suohthat
h ~h(zj. 0 (12) g
P
z+
g
It?-seenfrcmequation(10)thatthemappingfunotlonIsspeotiloallydetend.ned if the N
WIFd@iOfunotion h(z)= p(x,y) + iq(x)y) Is ~~. ActU&my, the prooms of obtaining :
the ooordimtesof an airfoilIn the oasoaderequiresonlytbt d/ti be knuwnfor values P
.
?d 2 on the unit olrole.-It ie thereforeeufi’ioientto evaluatieh(efe)= p(EJ)+ iq(f3) g
I in cmierto acoompllshthis remit. *
{ Iwaludionof p(e) m q(e)..- A oczuiltlonthat holtibetweenthe oasoade&m L& 3
the o&ole @am la N
z
pa(t) + @a (c)= WO(8) (13) w
where qa ad *a arethe velmity potentialard the Streamfunotim, respectively,for
/- the flow In the oasoadaplane. FTm thi.irehtion it is pomible to deduoethat
{ Vo(e) ()d~F(T= aZ ~eie (14);.
where
[1
dwo(z)Vo(e)n Re —
dz Z=N
(15)
“
\ isthe velooityon the unit ciroleand u(8)5 u(S) as afnnotlon of f3.
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Eqyation(16)mnrmwhe d.tia for p(e),
p(,l=~(,)[~e{&#~sin~-~ J]5-1}+
(ctih2k‘-aos“2,T)- k -
~k
()
-1 00seT008em _
ooshk
where
SJ< -1
()
8i.6$ <m
2 =tan —sinhk ‘??
Allquantitiesinequation(17)havebeen~viouslyevaluated
exceptu(e).The~oodm forevaluatingu(e) isasfollows:
I&cmequations(8)and(13)the.relation
qa(S)=PC(8) (18)
ByIIELtdling
fu.dio. Of e
“isobtainedforoorrespomiingvaluesof S and 13.
thesevelocitypotentials,S oanbeobtainedasa
and wnsequently,u(S) oanb-eobtainedasa fmOtiO.Of e,
u(9j.Eenoe,p(e)oanbeevaluatedfromequation(17).
.
.,-
Thenecess~andsufficientoonditionthattheoomiition
imposedonthefunotionh(z)byequation(12)issatisfiedis
Usuallythe valuesoftheseimtegralswillnti
consequently,a correctionterm f(e)mustbe
thatif
2fi
p(e) cose des o
bezeroand,
added.to p(e) suoh
.
.—— —
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pt(f3)=P(e)+f(e)
Then
OT+ 2Yt ‘T+2fi . 0T+2fi “
P n n
U.
J p’(c)do= J Pf(e)she de= J p’(e)cose de= o
‘T ‘T 6T - (19)
l
assumedthat the valuesoftheinte”&alsinvolving
zero,butinsteadare
eT+ 2fisP(e)aes C4 ~
‘T
OT+ 2X
J
p(e)sineaes C5
‘T
OT+ 2fl
s
p(e)coseaes C6
‘T
,
it followsthat f(e)mustbea funotiozisuchthat
o
f3T+ 2X
J
f(e)ae~ 44
%
“ ~+2sc
r f(e) sinea.e= -c5
, JeT
.
eT+ 2fi
s
f(e) coseaes -c6
‘T
——.—-. ..— —
—. -—.- ,——--- .._
—— —.. .’. -–—__ ...
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properohoioeof f(f3)fulfillingtheserequirementsis
~bit~. Thewiti~ Of f(e) tOp(e) a, however,
prcducea changeintheprescribedairfoil<velocityandthepre-
scribedarclengthontheairfoilfor
‘T=,8S eT+ 2x,givenby
-f(8)/Q(e)for eT~Vf(e)= -u(8)e e=f3N
1
(20)
-f(e)/Q(e)for ~S 8 :% +ti
v’(e)=u(8)e
J
e
s’(e) s
f.
ef(e)/Q(e)~de (21)
‘iv
Thesequationsaretheparametricequationsfor v’(Sf)
wherevf(Sf)rqn’esentsheoorrectedairfoilvelocityasa
functionofcorrectedarolength.Itispossibleinmanyinstances,
however,toprescribef(e) insucha mannerthatitiszerofor
valuesor ~ correspondingtocertainregionsoftheairfoil,such
as the suctionsurface.
prescribedvelooityas,a
Thefunotiong(8)
fromtheequation
0,+
Overtheseregions,themagnitudeofthe
functionof e will remainunaltered.
c% beevaluatedforvariousvaluesof 8
Um+ 21t
L-
J e -e!l(q = ~(e)cOt(+) de (22)8T
where
‘i iSa Prtioul.arvalueof,8. The-functionp(e)in
thisequationisre@aced3Y p’(e)if p(e)hasbeencorrected..
\
Determinationofairfoilcoordinates.-Thecoordinates(E,n)
ofan.airfoilnthecasoadecanbeobtained“inthefollowingmanner:
Thecaplexvariable~ = ~+ iv canbeexpessedas
.
. .
— — .— —.
.,
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sThereal@l_narypE@s of~dz for z=e fe nowgive
the coordinatesL am 7, respectively,oftheairfoil.S~eoifi-
~j for p(e)uncorrected,
E JII& Cos 13(e)de=JTo(e)= (I.Z ‘T(zq-00s p (e)de (23)
where
.
)-c+0+~ , (25).
()-1 tan eT isinthesamequadrantandandwheretan —tanhk
signas
‘;”
has thesame
Ifthefunctionp(g)hasbeenoorrected,thefollowing
equationsarewed inplaoeofequations(23)and(24):
/
c=
s
Vc(e)
m
00sp (e)de (26)
J
Vc(e)
1-1=yqq sin P (e) de (27)
.
. ..-_ -_ ._. ___.— ___
.——-. .— __ —
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RestrictionsonAirfoilVelooityfcmSpecifiedTrail.ing*dgeAngles
o
Itoanbeshownfromequation(17)thatthefunctionu(o)
mst possessthefall- propertiesforousped-,rounded-,or
pointid-t=iling-dgeairfoils:
. 1.~pea trailingedge:-@T) =
C isa positiveoonstant
2.Rounds&trailingedge:u(8T)s
zeroisoforderofone
u(eT+ 2X)= O, wherethe
3. 20intea trailing edge (trailing-edgeangle = E h U(8T) s
U(8T+ 2fi)s o, wherethezeroisoforderof c/fi.
.
Asthereis no convenientmethcdof&eterminingfromu(S) tk
behaviorof u(e) at ~ and eT+ 2fibeforextensiveoaloulations
havebeenp2rf0~a,itmaybenecessaqtomodifyu(e) to fulfilL
thepreoedingconditions.Thismodificationwill.-resultina slight
c- in u(s) at %,1 and.%,2.Anapproxhmtiontothepre-
oetiingconditions on u(e). oanle made,however,byapplyingthe
restrictionsto u(S) at ~,1 and %,2.
““
Thenmeriod. procedure that followswilllistthecomputatioml
stepsleadingtotheevaluationfthecoordinatesofanairfoilin
theoascade.Thesestepshavebeenincluaedina setoftablesto
serveasa guideinperformingumerfcelcomputations.Thetwo
problemspreviouslymentioned-namely,thedeterminationofthe
complexpotentialfunotionintheoiroleplane,andthedetermi-
nationofthemappingfunctionandtheairfoilordinates-will
betreateat3epamtely.
t .
DeterminationofComplexPotentialI?unotioninCiroleXUane
Themm@ex potential funotion W(z) (equation(1))oanbe
determinediftheconstantsAm, Vm, r, a, ad k = M-.
.
.
——._.
— —
NACATN 2101 15
EvaluationaP ~, V& r, and d.- TheconstantsAm,
r, and d areevalmtedfromequatians(2),(3),(4),and
respectively.
Wakation Of k.-Theconstantk isevaluated by a yrocess
oftrial and error that simultaneouslydetermines
‘% a@ e .T
Theprocedurequired to evaluate these mnstants is:
1.Deteminethevelocity-yotentialrangeA onan
cascadefrm equation (7). .
2.Assumea valueof k (probablybetweenO and1)
theauxiliaryconstant
~k= t# (k & tidlk)
where
airfoil in the
and determine
(28)
lt
.- %2< <$
3.Determiue~ a eT fromthefollowingequations.
(referenoe4)9
(29)
% =-~-fi-2~ (30)
4.Calculatehevelooitypotentialrangeontheunitcirclefor
theas-a valueof k from
——— .- ——— —-. __ _. ._. ——-—_
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Ak=cpc(eT+ 2fi)-Pc (eN)
,
,,
(9)
%1+=-’t=)+--’ =(]
where
()--1 Sb ‘T #- 5<W —2 sinhk ~
()-;Ctan-l‘in‘If <~sinhk .2
()taneT ()tane’JiJana tan-i W and tan-l a areinthesamequadrafi
andhavethesamesignas 6T W % respectivelyl
5.Repeatsteps(1)to (4),assumingseverslnewvaluesfor k
until,byinterpolationor@otiingAk againstk, a valueof
k oa.%efoundsucht~t Ak= A. T~ correct@ues of k> ‘T}
of
‘Ivarethosethatproduoethislastequality.(Theevaluation
k isgivenintable1.)
DeterminationofMappingFundionandAirfoilCoordinates
Themappingfunationwillbedeterminedonthe.unitcircle
ifthefunotionsp(e)and q(e) are knmm. Theafrfoflcoofii.ates
canthenheo%tainedfromtheMppingfunction.
.
h
.
.—. .——. -—
—
\
. —-
—
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.4 Determinationof P(6).-
1.Evaluatethevelocityonthe
“ VC(6)= Re
unitcirclefor
[1dWc(z),dz z=eie
=Vmdsin&Q(0) Lsin(9+ Ak) - sin
l-c sinAk coshk
whereQ(9)isgivenby
1
Q(e) = SiIlh 2k sinhk coshk
cosh2k-c062e= Smz k Sinze
(Theevaluationf vc(e)isgivenincolumns,lto9 intableII)
2.E@hzateu(e)
Plotga(s)
@T~gSgT+2Ytj
/
in the followingmmner:
(equation(6))andevaluatePO(9)from
where
~c(e) =Re
.y{linA,.an-.(*)
rlW(eie)
(1CosAm tanh-1 !2!2@+coshk
(]
r t=-l tan e +
2vma tanhk
whereC7 isa oonstantsuchtht cpc(8T)
()
-~:ta-l sine
Sitik
,
‘he‘em‘=-1(%%9‘s ‘ntk
as 9. (Theevacuation’Of go(e)
tableII.)
C7
=0 aria.
<;
(8)
samequadrant andhasthesamesign
isgivenincolunms10to24in
——. ... __ —.- _
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Beginningatthepoint~,1 onthe
ourveandatthepoint~ onthecircle
progressivelymatchthevaluesof Pa(S)
a~ OT to ~,~ - eT+ Zfijtbre%y
onecorreqmndenoebetweenthevaluesof
~a(s)sgo(e)
k s(e)iS hmj u(S) isobtainedas
NACATN2101
airfoilvelocity-pdential
velocity-potentialourvej
am qc(e)frOM~,1
establishinga one-to-
e and S,whichsatisfies
(18)
a fiwti~ Of e, u(e).
3.Tbefunotionp(e) isnowdeterminedfromequation(17)(The
evaluationf y(e) isgivenincolumns25to38oftableII.) ,
Correctionf p(e)tOsatis~conditionsOn h Z . -Compute
(bynumerioslintegration)theitie-s
81j7+211 -
J
~(e),ae ‘
‘T .
——
JeT
asindicatedincolunms39to43IntableII.
Iftheseintegralsarenotzero,fomnthefunotionp’(e)= p(e)+ f’(e)
wherep’(e)aud f(e)fulfilltheconditionsofequation(19)
(columns44to50oftableII). & expressi~for f(e) is@venby
f(e) =~18ti71(e +q+~2sti72(e +q)+lJ3sin73(e+%)
.(31)
l
.
.
,.
.
.
,
l
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for
where = 1,2,3intbe term that has thesubscri~corresponding
to j;3f(e)= O forallothervaluesof e.
TheconstantsNj) 7j9 and aj (j= 1,2,3)-arechosenso
astofillfil.1theintegralrequirementsand,ifpossible,restric”t
thevelocitychangetoa minimum.Itseemsadvisableinthiscase
toassumevariousvaluesfor 7$”and as andtoevaluateNJ from
theintegralrequirements.
Determinationof q(~).-Thefunctionq(e)isevaluatedfrcin
equation(22)eitherbysme formofnumericalintegrationorbythe
methcdofNaiman(reference6).
Determinationofairfoilcoordinates.-
1.Evaluate f3(8)frmequatjon(25).(Theevaluationf
f3(8)isgivenin.columns5Lto64intableII.)
2.Evaluatetheairfoilcoordinatesfromequations(23)and(24)
if p(e)@s notbeencorrected,orfromequations(26)and(27)H
p(f3)hasbeencorrected.(Theairfoilcoordinatesqreevaluatedin
columns65to71intableII.)
APPLICATIONOFNUifERICALPROCEDURE
Severalimportantproblemssriseintheapplicationofthe
numericslproceduretothedesignofa particularcascade.These
problemsaybelistedasfollows:
1.
2,
to
3.
4.
Thenumberofvaluesof e tobechosenforcomputations
Themethcdofselectingfhnctionstoaddto.p(e) inorder
satisfyconditionson h(z)
Themethcilofevaluatingq(e)frcmequation(22)
Thetypeofnumericalintegrationtoheused.ineveluating
thevariousintegralsthat &P~ar in theprocedure-
*
. .
_——._. —.— ——— ..-— -——— ---
——. ..——
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Thesolutionstothesepro%lemsofthenumericaltechniques
tobeemployedtogivea certainaocuracyincomputationswill
depend.largelyontheparticulardesigntieingc-ide~d. Atpresent,
nogenemlsolutionscanbegiven.
Inordertoillustrate prtioul.ar solutions to these problems,
however, and to clarify the numeric-alprocedure, a cascade of air-
foilswithcuspedtailswascomputed.Itwasdecidedinadvanceto
oomputeanairfoilinthecascadeintwoways.Onemethcil~S to
use360equallyspacedvaluesof 6 andtheotherwas_&ouse90
equallyspacedvaluesof 6’.Theohoiceofthenumberofvaluesof
13wasmadeinordertoinvestigatetheaccuracyofusingthemethmi
ofNaiman(reference6)incomputingthevaluesof q(13) forthe
problemchosenandtoinvestigatefurthertheinfluenceofthis
accuraoyonthecmputedairfoilcoordinates.Thevaluesof 13had
tobeequallyspacedtouseNaimanfsmethodforcomputingq(e).
Naiman’smethdhadparticularlybeenchosenfortheevaluationf
q(e)becauseofitsapplicabilitytocalculationbypunch~card
machines.InaKlcalculationswherenume~calintegrationwasrequired,
Simpson’s1/3,orparabolicmethcd,wasusedbecauseitwasfelt
thatthismethcdwo@d givesufficientaccuracyforthevaluesof f3
ohosen.Inallnumericalwork,fivesignificantfigureswereused,as
itwasbelievedthisaccuracywassufficientfortheexample.
DesignSpecifications
Thevelooityonanairfoilinthecascadewasexpressednon-
dimensionallyastheratiooftheactualairfoilvelocitytothe
maxbmunairfoilvelooity.Theairfoilarclengthwasexpressednon-.
dimensionallyastheratiooftheactualairfoilarclengthtothe
totalairfoilsuction--acearclength.
iSshowninfi$ure3.
Themagnitudesoftheinletandefit
as,respectively,
Theanglesof
res~ctively
‘1= 0.66229
V2=,0.60000
theinletandexitvelocity
‘1= 30.00000
?12= 10.00000
Thevelocity distribution
velocityvectorswerechosen
.
vectorswere chosenas,
b
t
_——— -————
—— --- ———
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360-PointAirfoilDesi@
Thefirststepinthedesigaofthe360-pointairfoilinthe
cascadewasthecalculationofthevelocitypotentialdistribution
byn.umericslintegrationof u(S).Simpsonfsparabolicrulewas
usedtakingvaluesof S inintervalsof0.025.Thevelocity
potentialdistributions9a(S)and u(S) areshownplottedjointly
infigure4. Fromtheveloqitypotential,r w detmdnd tobe
0.28201andTmti,- 0.51556.TheconstantsAm, Vm, and d were
calculatedfromequations(2),(3),and(5),respectively.Thevahes ‘
obtainedwereasfollows:Am= 20.6484°,Vm= 0.63144,& = 1.19012.
Thevaluesof k, ~kj ~, ati 8T~ calcuktdbythetrial-
and-errorp ocess
be k = 0.48337,
respectively.
Thevelocity
tributionqo(e)
inaica.tea inthenumericalprocedme,
‘k= 9.6614?,eN= -15.6038°,and
distributionvo(e)andthevelocity
werefounato
eT=- 183.7190°,
pote@ialdis-
ontheunitcirclewerecal.culateafromequations
(15)and(8),respectively.Thesedistributionsareshownplotteain
figures5 and6,respectively.
Theharmoniofunctionp(e)
.andisshownpl’otteainfigure7.
Inordertoaetermineu(e),
upontheplotof u(s) (fig.4).
thenlocated.onthe cpa(S)curve
was”Calculate&fromequati~(17)
theplotof cpa(S)wassuperinpsea
Eachvalueof ~c(e)(fig.6)was
andthe u(S) valuewasreadfor
thecorrespondingvalueof S. Inthismanner,thevalueof u(S)
fora givene, u(e)>couklbe&tiectlydetermined.
Inorderto&eterminewhetherornot p(e)ful.ftieiithecon-.
ClitionsOR h(z),theintegrals“
eT+ 2fi
f
~(e)de
J@T
-—-.. ..—. —.-—.-———. — .— —- ——-——._ ..— .-—
—————- .—. —. ----
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.
eT+2fl .
J
p(e)sine de
eT
eT+ 2X
r
~(e)00se de
JeT
werenumericallyintegratedsnd
eT+ 2TC
n
the followingvalueswereobtained:
J~(e)de= 0.3W36
‘T
eT+ 2fi
J
‘p(e)sine de= -0.09526
‘T
eT+ 2X
J
p(e)COSede = ().26919
‘T
*
Inordertocorrectforairfoilclosure,a functionf(e)was
fO~a suchthat
eT+ 2X eT+ zfi eT+ 2YC
J p’(e)des J ~’(e)sin e de s J p’(e) 00s e de s o
‘T eT ‘T (19)
.
—
.—._
.
.
,
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where
I
p’(e)= p(e)+f(e)
Init&lly,f(e)‘wasassumedtobea functionofthetyp
.
givenbyequation(31).Thewavelengthsandzerosoftheindividual
sinetermswere pickedsomewhatarbit&rilyexoeptfortherestriction
thatcorrectionson P(6)weretooccurprincipallyonthepressure
surface.Theamplitudesofthesineterms
thesimultaneoussolutionoftheequations
“eT+ 27( eT+ ?fi
J
f(e)d8= -
J
~(e)de
.
‘T ‘T
‘T+ %
n
“Jf(e)cosede= - J p(e) 00EIe!y
‘T
. GT+ 2fi 8T+ 2fi
J f(e)sinede = - J p(e)sti
‘T ‘T
,
werethendeterminedby
=
- 0.38236
eae =
-0.26919I
8de= 0.09526
andzerosofthesineSeveralotherchoic,esforthewavelengths
termswerethenmadeandtheamplitudesforthetermswerecomputed.
Thewavelengthsandzerostliatgaverelativelysmallamplitudesfor
thetermswereprescribedforthe f(e)usedforthecorrection. .
Thefunctionf(e)wasdefinedintheintervaleTS e S ~ + 2fi
asfdllows:
f(e)so
for
f(e) s -
183.719°~ 6< -176.281°
0.21488sin7.5(9+ 176.281°)
——
24
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for
-176.281°: e< -157.50
f(e).= - 0.21488sin7.5(e+ 176.281°)+ 0.008703sin4/3(9+ 157.5°)
.
for
-157.5°seK -152.2=0
f(e)~ 0.008703sin4/3(9+157.5°)
.
for
-152.281°=e~ -27.719
f(e)- 0.008703sin4/3(9+157.5°)-1.26792sin7.5(9+27.719°)
for
f(e)
for
for
Grq)hiudly,
‘ ofthreesep9rate
-27.719o~g<-22.5°
=- 1.26792sin7.5(e+27.719°)
-22.5Ze< - 3.719 -
f(e) s o
- 3.719~ 95 176.281°
f(e)plottedinfigure7,consistedofthesum
sineloops.Thecurvep’(e)sp(g)+f(0) is
shownplottedinfigure8.-
Thecorrectedvelocityv’(e)andthecorrectedarclength
S’(9)werecomputedfromequations(20)and(21),respectively.The
corrected-velooitydistributionv*(S’)isshownplottedinfigure9.
Thisvelocitydistributionistheactualdistributionforthecomqirted
airfoflshape.Thepeakonthesuctionsurfaceinthenoseregionis
undesirable,butstepswerenottakentocorrectitinthepresent
example.
.
.———— —— . ——. —.—— —..——
..
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Thevalneeof p’(o)atthe1°intervalswereusedtooahulate
theconjugateharmoniofunctionq(e)(fig.10)%yuseofthemethod
outlinedbyNaiman(reference6). Theactualcomputationbfthis
flznctionwasperformedonpunch-oamlachines.’Interpolationwas
,necessarytofindthevaluesof q(e)astheprecedingmethodgave
valuesof q(e-1/20).
Thevaluesof q(8)wereusedtocompute9(0)from
eqzation(25)andthe coordinates of an airfoil in the cascade from
equations (26)and .(27)(mmerioalintegration).Theresulting
airfoili-;showninfigure11.
90-PoinkA&foilDesi~
Thecaqxztationsforthe90-~ointdesignre~inedthesame
asinthepreviouscase,inthatthechosen90~ointsweretaken
fromthe360~ointsexcepthatthefunctionp(e)had.tobe
recorrectedforclosure.Recomectionwasnecessary_beosnseof
thediscrepancyinthenymerica3integrationused,astheinte~tion
wasperfO~aoverlargerintervals.ThecorrectionsforClosure
weremadewithhthelimitsohoseninthepreviousease.Theresult-
in$fUIICtiOIl~’{~)iSshowninfi$ure~ .
The cfmjugate hmnoniofunction q(e) was computed from
pt(e)usingthe90-pointmethodofTiaiman(reference6)andis
shownh figure13. Theairfoilcoordinateswerecmiputedandthe
resultingprofileisshowninfigare14. Itisseenthatthisair-
fo~ iscrossednearthetraillngedge@ remainsopenatthe
trailingedge.
Cmqmrison of 360-and90-l?ointJ&%’OikI
Itoanteseenfromequations(25),(26),and(27)that a
change in q(f3) would intrcduoea changeinthevaluesofthe
intex inequatiuns(26) and (27)and,consequently,would
intrcducea changeinthefinalai~~oilcoordinates.Henoe,the
factthatthe90-pointa~oil remainedopenalthoughtheconditions
forclosureweresatisfiedcouldpossi%lybeattributedtothefaot
thatthe90-po3@methodofNaimandidnotinsuresufficientaccu-
racyinthevaluesof q(e)forthepresentexample.Thispof3-
sililitywasthereforetivestigated.
use
of
Inordertoinoreasetheacouraoyof q(e),itwasdecidedto
the360-yotitmethmlofNaiman.Inordertoobtainthe360vahos
yf(e) neces~ forthecomputation,parabolicnterpolationwas
.—. — ——.-—. -—. —.— ——..— ——-———-— _——_ ._. ____
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used. Thistypeofinterpolationwasusedbecausetheintegration
of p’(e)bySimpqon’s1/3ruleinsatis~ closurerequirements
hadalreadyasstuneda pamlmliovariation%etweenthevaluesof
p’(e).” Theinterpolatedvalueswerethenusedtoderivenewvelues
of q(e)atthechosen90points,andtheairfoilcoordinateswere
thenoomputed.Thenewprofile,showninfigure15,hasa closed
contour.Theslightvariationbetweentheshapsofthisairfoil
andtheori@nal360-pointairfoil(fig.11)cantieattributedto
theintegrationofequations(26)and(27)overlargerintervalsand
thereOOrrecti~Of p(e)forolosure.
Aninvestigationwasalsomadetodetermine,ifpossible,in
-whatmannerandinwhatregionsthechangein q(e) influencedthe
inte- ofequations(26)and(27).Inordertomakethis
detemnination,thefollowingcalculationsweremadeandplotted:
theclifferenceinthevaluesof q(e), as oMained from the
360-pointand90-pointmethcdsofNaimn(fig.16);thedifferences
h q(e)titiaea 37 Q(e); and.the differences’intheintegrands
ofequations(26)and(27);asobtainedbyusingthevaluesof q(e)
derivedfrcmthe @o clifferentmethcds. A plot of the differences
. in theintegrandofequation(26)-wasuperimposedupona plotof
thedifferencein q((3)/Q(e)(fig.17).A similarplotwasmadefor
equation(27)(fig.18).
Thedifferencesin q(8)/Q(e)showa definitecorrelationto
thedifferencesintheintegrandsinequations(26)and(27),as
q(e) entersintothee~ssim for ~(e)as g(e)/Q(e).Itshoula
benotedthatthechangesin-q(r3)/Q(e)seemtohavetheleast
hKluenceontheintegmndsinthevicinityof f3N(-15.60380).
CONCLUSIONS
Itcanbeconcluded from the comparisonfthe90-and360-point
airfoilsthatthe90-pointmethodofNaimndoesnotinsuresufficient
accuracyinvaluesofthecon~ugatefunctionq(e)forallcases,as
shownbythenumericalexamplepresented.Theaccuracyofl!iaimnts
methodwilldependontheshapeofthehsrmonicfunctionp(e),which
inturndependsonthedesi~conditionsprescribed.Asa consequence,
itisnottobeinferredthatNaimsn’smethod,appliedto90pointsor
10s6,willnotgiveaccurateresults
kwismightPropulsionLaboratory,
T?ationalAdvisoryCommitteefor
Cleveland,Ohio,Septeniber
for most cases.
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15,1949..
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‘l!AELEI- OUTLIHEFORCOMPUMTIOHOFk
1
2
3
4
5
6
7
8
9
10
n
12
u
14
15
16
17
18
19
20
z!l
22
23
Definitlon Operation
k b-a
SiIlhk I SiIlhk
uosh k I 00Sh k
tanh-k I tanh k
CoeAm CosAm
I
(6)x (3)
t--l (7)
Sin ~k Sin(8)
Sin (~ + ~k)
[ 1* x(2)x(9 /(4)
~+hk sill-l (10)
% (II) - (8)
%! - (12) - 2(8) -180°
sin(1.2)
00s~ Cos(X2)
tan% tan(12)
sin ~/sidIk (17)/(1)
Sin ~Si?lh k (14)/(1)
COS~/UOSh k (18)/(2)
d00S e GOShk
ReU@ks “
(15)/{2) .
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EL’ABIJEI- OU1’UNEFORCOMFUMTIOEOFk-Conoluded
.
Ik3finltion
tan @ah k
Operation Remarks
(19)/(3)24
tan (@/t@k (16)/(3)
tad (20)
.
—
26
--a
‘m-’(%3
tal-1 (21) WpressinI%laians
()-ytad a $Z2
28 tall-l (22)
.
l
tan-l (24)r)anay‘“-1%’ai-E EqressIn radians; samequadrantanasigllas ~
t~-1 (25) Jbpessin miians; same
quedrantanasignas~
32
3
:4) [(26) - (27~
[5) K28)- (29)1‘[ - (3&)-ZOB~m tdl1
34
* ~30)-
(31) + 6.2832]
.
(32)-(33)+(34)
Ak TMs result must equal
r-qdnforcorreotvalue
fork
— ---- .—— —— — . ——.— ——..———
~—. .- -———. — —-.
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Ikfmtion I operation I Remarh8 AEsignI equalIntervals~6e2~+2K
—
1 29
2 00s29
Oosh2k - 00s26
4
Q(e) =
dllh 2k
cosh2k - 00029
—
5
6
7
8
@Il(e+ ~k)- SiU (% + ~k)j
V. (e) (8) x (4)9
SiUe sine
I
10
Il. 00se 00se
tie
(10)/sidI k
(@/OOShk
k“ e
sine/dnh k
14 008e/OOshk
tanQ/tmhk (12)/tmh k15
I
h-l (~) EXpressIn rdisns16
()--l 00s ecosh k tanh-1( 4))
~-l (15) Impressinrsdians
17
18
—
‘i-’(EJ It=+(’$%%)‘s ‘n I
the& qua%sntand
ofthesamesignss 9 I
.
— — -. ..-. .—— ——
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.
ml3LEII- ~ FORCOMPUM!MONRAIRFOILCOORD~ -Continued’
OperationD& initial Remrks
l
~= ~ {2(ooah2k-aoaX@$-k - (33) - (34)35
36 (w x’35) E=nformundedtaile =O forouspedtail
(32) + k + (36)
(4)x (37)p(e)
p(e)sine (38)X (10)39
40 p(e)00sQ (38)x (W
41 P2TC r+2X(38)M%J p(e)M%
42
4(39)deJ p(e).tie WI‘%
43 @+2Ke’f+211
f J (40) de%?
f(e)
.PI(9)= R(Q)+,f(e)
p;(e)6ine
Aseigneabitraiu
(38) + (M)
SeeNumericalFrocedure
(45)x (lo)
(45)x(u)47 II’(Q)cos e
48 r2X(45) de‘%Jrp’(e) tie Mustbeequaltozero
49 ++27T
r .
Must be equalto zeroL P’(Q) sine de 4(46)ae
‘-
..—. —.__ . .. . . .— .—
— ,,
NACA TN 210]32
continuedcooRDIilAm= -
operation Remarks
sinkmx (16)
I D9finition
00sAmx (17)
+x (M)
mF (19) -(m) +(=)
*
Vmd
y- x (22)
(23)-~ ITis thefirstvalueg ven in oolulun(23)
I
(’24) ad ourre
reading
25 u (e)
26
*
:/(4)
27 mv= (e)
dae) u(e)
E26)x (9)]/(25)
.
28 e-9T
T
e-eT
T
2 SIII (28)29 -%?r)2ainy
30
[2E’d%d’+- 1,
(i!-1) I e= K forrounde&tailE= o forOuspeatail
(29)
(27) x (30)
1
31 I
loge (31)F323334 -1 sinqek tan ()‘m x(lo) ‘I
-
.
.———
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TAEL$II- OUI!UIWFORC~O19 OFAIRFOILCOORDINATZ23-Continued
Definition I Operation Remarke
Mustbeequalto zero50 eft+21t eT+2n
f
p’(e) cos e de J (47)de
‘% %!?
~ (e) I ~ugate harmoniofunotionof (45)
f(e)/Q(e) I (44)/(4)
f(e) -(52)
-my e
e
7X4
- f(e (25) x (53)
u’(e) =u(Q)e
56
57 I (55) - (56)
,
---H%i-
+
60
x
_z- e = n for~mtidt~l
c . 0 forcuapedtailI (1-~) x (a)K
63 q(e)/de) (51)/(4)
64 Raalans
65
. ..— —.-. ..— ———.- —— ——— .. . ...— — —.— .— -
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J
65
-G
68
69
TAEIEIZ - cmrLINEFoRCOMK?I’ATIOEOFAlmFonlcommIKATm-conoluaea
Definition
sin 13(e)
Vo(e)
m
vJe)
=75COBp(e)
vo(e)
m SIIIp(e)
e
/
v=(e)8 cOsp(e) aeU*(e)
%
e
r
To(e)
=
—Sti p(e) aeu’(e)
operation
sin (64)
(9)/(*)
(67)x(~)
(67)x (66)
e
/ (69) ae%
Remarks
,
—.
. ..—
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Figure IS, - Differences In 36 C-pOint q(e) and 90-point q(e), dlvlded by Q(e);
differences in q Integrand from 360-point q(e) and W-point q[e).
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